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Regularity Conditions on the Transversals of Lines in a Partial Geometry
HANS GEVAERT
In this note we assume that in a partial geometry the number of transversals of two distinct lines
Land M through a given point p, p not on L or M, is a constant. In this way we are able to give
a characterization of a net, a dual design and the points and lines of PG(3, q).
I. INTRODUCTION
1.1. Definitions. A finite partial geometry S = (P, B, I) is an incidence structure in
which P and B are sets of objects called points and lines respectively, with a symmetric
incidence relation satisfying the following axioms:
(I) each point is incident with t + 1 lines (t ~ I) and two distinct points are incident with
at most one line; .
(2) each line is incident with s + I points (s ~ I) and two distinct lines are incident with
at most one point;
(3) if x is a point and L is a line, such that x f L , then there exist exactly a(a ~ I) points
x., .. . , x, and a lines L) , ... , L. , such that X I L, I x, I L, i = I, 2, .. . , a.
The numbers s, t and a are called the parameters of S. This incidence structure was
introduced by R. C. Bose in 1963 [2].
We denote collinear points x and y (resp. concurrent lines L , M) by x - y (resp.
L - M).
1.2. Remarks. (1) If S = (P, B, I) is a partial geometry with parameters s, t, a, then the
dual structure S = (P, E, T), P = B, E = P, I = I, is a partial geometry with parameters
s = t, t = s and IX = a.
(2) There holds IPI = v = (s + I)(st + a)/a and IBI = b = (t + I)(st + a)/a.
(3)The point graph of a partial geometry is strongly regular with parameters v, k = s(t + I),
A. = s - I + t(a - I), J1. = a(t + 1) [2].
1.3. The four classes of partial geometries. The partial geometries can be divided
into four (non-disjoint) classes: (1) the generalized quadrangles: a = I [6]; (2) the 2 -
(v, s + I, I) designs: a = s + I, and their duals; (3) the nets of order s + I and degree
t + 1: a = t, and their duals; (4) the 'proper' partial geometries: I < a < min(s, t).
1.4. The axiom ofPasch. Two distinct concurrent lines Land M , L I x I M , satisfy the
axiom ofPasch iff any two lines X. and X2 .. with X; - L , M and x f X; , are also concurrent.
Consider two distinct lines Land M of a partial geometry. A transversal of Land Mis
a line which intersects Land M in two different points.
2. LAND M ARE CONCURRENT
The case when the parameters of the partial geometry satisfy a = s + I and more
generally working with a linear space was considered by A. Delandtsheer [4].
THEOREM. Suppose that S = (P, B, I) is a partial geometry with parameters s, t, a and
< a ~ s and that there ex ist two concurrent lines Land M , L I x I M , such that:
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(a) if p is a point not collinear with x, then p is incident with y transversals of Land M;
(b) if p is a point collinear with x, but L f p f M, then p is incident with {) transversals of
Land M.
Then a = t Or a = t + 1.
PROOF. We count in two ways the number of ordered pairs (p, N), where p ,.,., x, pIN,
L ~ N ~ M, and we obtain:
[v - (1 + (t + l)s)]y = sea - l)(s + 1 - a).
Since v = (s + l)(st + a)/a there follows
y = a(a - 1)/t.
Now we count in two different ways the number of ordered pairs (p, N), where p ~ x,
p r L, P r M, pIN, x r N, L ~ N ~ M. We obtain:
(t - l)s{) = sea - l)(a - 2)
and hence
{) = (a - l)(a - 2).
t - 1
If a = 2 then t = 1 or t = 2. Suppose now that a > 2. The integer t divides a(a-I) and
t - 1 divides (a - I)(a - 2). So in any case there follows t(t - 1)la(a - I)(t - I) and
t(t - 1)lt(a - I)(a - 2), hence
t(t - 1)I(a - I)gcd(a(t - 1), tea - 2)).
This means that
t(t - 1)/(a - I)gcd(a(t - 1),2t - a)
so
t(t - I) ~ (a - 1)(2t - a)
or
t2 + (1 - 2a)t + a(a - I) ~ O.
Hence (t - a)(t - (a - 1)) ~ 0 and so t = a or t = a - l.
Conversely, each pair of concurrent lines of a net of order s + I and degree t + 1, resp.
of a dual 2-design with parameters s, t, a = t + 1, fulfils the conditions of this theorem
with y = t - I and {) = t - 2, resp. y = t + 1 and {) = t - I. 0
3. LAND M ARE NOT CONCURRENT
3.1. Definitions. A pair of non-concurrent lines {L, M} of a partial geometry S =
(P, B, I) with parameters s, t, a(a =f t + 1) is called a ff -regular pair oflines iff each point
p not on L or M is incident with a constant number f3 of transversals of Land M. There
follows easily that
(1)
A line L is called a ff-regular line iff each pair L, M, with L ,.,., Mis ff-regular. These
definitions can be dualized.
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If a partial geometry S = (P, B, I) with parameters s, t, a, a < t has a ff-regular line
L, then the incidence structure SL = (P*, B*, 1*), where
P* = {x e P'[x f L],
B* = {L' E B II L' '"'" L}
and
1* = I (\ «p* x B*) u (B* x P*))
is a partial geometry with parameters s* = s, t* = t - a, a* = a - f3.
3.2. Remarks and examples. (1) Consider the 2-design PI (3, q) consisting of the points
and lines of PG(3, q). Each line L of PI (3, q) is a ff-regular line with f3 = 1. Moreover,
PI (3, q)L is the dual net Hg [7].
(2) If a 2 - (v, s + 1, 1) design has a ff -regular pair oflines with f3 > 1, then it is an affine
plane of order s + 1 [1].
(3) If S is a net of order s + 1 and degree t + 1, then each line of S is a ff-regular line with
f3 = a.
(4) No one of the known proper partial geometries [3] has a ff-regu1ar pair of points or
lines.
3.3. Some lemmas. It is well known that the only net of deficiency 2 (= s + 1 - t)
which is not embeddable in an affine plane of order s + 1 is the net of order 4 and degree
3 related to the cyclic group of order 4. We shall call this one the Shrikhande net. A more
intrinsic characterization can be given using the notion of ff-regularity, as the following
lemma-stated without proof-indicates.
LEMMA 1. Ifa net oforder s + 1 and deficiency 2 is embeddable in an affine plane oforder
s + 1, then each pair ofnon-collinear points is ff -regular with f3 = a - 1. The Shrikhande
net has no pair of ff-regular points.
LEMMA 2 [7]. Suppose that S is a partial geometry with parameters s, t, a and a #- 1,
a #- s + 1, a #- t + 1 satisfying the axiom of Pasch. Then:
(1) alt + 1 and (a - l)lt;
(2) als(s + 1);
(3) t ~ (s + l)(a - 1).
3.4. THEOREM. IfS = (P, B, I) is a partial geometry with parameters s, t, a(a #- t + 1)
such that each line is a ff-regular line with f3 = 1, then one of the following cases must occur:
(I) a = I and S is a grid of order s + I;
(2) a = s + 1 and S ~ PI (3, q);
(3) a = s = 2, t = 3 and S is isomorphic to the dual ofthe net oforder 4 and degree 3 related
to the 4-group of Klein.
PROOF. If a = I, then by (1) there follows t = 1 and S is a grid of order s + 1.
Suppose now that a > I. We show that S satisfies the axiom of Pasch. Consider two
distinct concurrent lines L I and L2 with L 1 I x I L2 • Suppose that M, and M 2 are two
distinct lines each intersecting L I and L 2 such that M; f x. If M I '"'" M 2 then there exist
two distinct transversals L I, L 2 of M I and M 2 through x, a contradiction. So M I and M 2
are concurrent lines.
Suppose now that a = s + 1. From (1) there follows that t + I = i + s + I, and so
v = (s + l)(i + I). Since S satisfies the axiom of Pasch, S ~ P 1(3, q) [5].
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Finally, we suppose that ex > I, ex =P t + I and ex =P s + I. By (I) there follows
S(1X2 - t) = IX(IX - I)
and so
sllX(1X - I).
Lemma 2 states that (IX - I) 1t , and using (2) there follows
(IX - l)slex2s - ex(a - I)
or
and so
(IX - 1)ls
Lemma 2 states also that IX 1t + I, and using (2) there follows
sIXI1X2S - lX(a - I) + s
and so
(2)
(3)
(4)
IXls.
Put s = s'«. Using (3) there follows s'llX - I. On the other hand, with (4) we have
IX - l is' . Since a > I we obtain s' IX - I and
s = lX(a - 1).
Using (2) there follows
However, using Lemma 2(3) we obtain that a = 2. Hence s = 2 and t = 3. Thanks to
Lemma I we know that S is isomorphic to the dual of the net related to the Cayley table
of the 4-group of Klein. 0
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